Exactly solvable model of superstring in Ramond-Ramond plane wave
  background by Metsaev, R. R. & Tseytlin, A. A.
ar
X
iv
:h
ep
-th
/0
20
21
09
v4
  1
0 
Ju
n 
20
02
hep-th/0202109
FIAN/TD/02-04
Exactly solvable model of superstring
in plane wave Ramond–Ramond background
R.R. Metsaeva∗ and A.A. Tseytlinb,c†
a Department of Theoretical Physics, P.N. Lebedev Physical Institute,
Leninsky prospect 53, Moscow 119991, Russia
b Blackett Laboratory, Imperial College
London, SW7 2BZ, U.K.
c Department of Physics, The Ohio State University
Columbus, OH 43210-1106, USA
Abstract
We describe in detail the solution of type IIB superstring theory in the maxi-
mally supersymmetric plane-wave background with constant null Ramond-Ramond
5-form field strength. The corresponding light-cone Green-Schwarz action found
in hep-th/0112044 is quadratic in both bosonic and fermionic coordinates. We ob-
tain the light-cone Hamiltonian and the string representation of the corresponding
supersymmetry algebra. The superstring Hamiltonian has a “harmonic-oscillator”
form in both the string oscillator and the zero-mode parts and thus has a discrete
spectrum. We analyze the structure of the zero-mode sector of the theory, estab-
lishing the precise correspondence between the lowest-lying “massless” string states
and the type IIB supergravity fluctuation modes in the plane-wave background.
The zero-mode spectrum has certain similarity to the supergravity spectrum in
AdS5 × S5 background of which the plane-wave background is a special limit. We
also compare the plane-wave string spectrum with expected form of the light-cone
gauge spectrum of the AdS5 × S5 superstring.
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1 Introduction
The simplest gravitational plane wave backgrounds
ds2 = 2dx+dx− +K(x+, xI)dx+dx+ + dxIdxI , K = kIJxIxJ
supported by a constant NS-NS 3-form background provide examples of exactly solvable
(super)string models: the string action becomes quadratic in the light-cone gauge x+ =
p+τ (see, e.g., [1–4]). It was recently pointed out [5] that this solvability property
is shared also by a conformal model describing type IIB superstring propagating in a
particular plane-wave metric supported by a Ramond-Ramond 5-form background [6]:
ds2 = 2dx+dx− − f2x2Idx+dx+ + dxIdxI , I = 1, ..., 8 , (1.1)
F+1234 = F+5678 = 2f . (1.2)
This background has several special properties. It preserves the maximal number of
32 supersymmetries [6], and it is related by a special limit (boost along a circle of S5
combined with a rescaling of the coordinates and of the radius or α′) to the AdS5 × S5
background [7]. The exactly solvable string theory corresponding to (1.1) may thus have
some common features with a much more complicated string theory on AdS5×S5 whose
light-cone action contains non-trivial interaction terms [8, 9].
In the present paper which is an extension of [5] we will present in detail the solution
of this R-R plane-wave string model. In particular, we will explicitly identify the
massless modes in its spectrum with small fluctuations of the type IIB supergravity
fields in the background (1.1). The results will have an obvious similarity to those of
[10] in the case of AdS5 × S5 . In particular, a remarkable common feature of the R-R
plane wave supermultiplets and the AdS supermultiplets is that the massless fields with
different spins belonging to the same supermultiplet have, in general, different lowest
energy values. The same is true also for massive supermultiplets.1
Let us first recall the form of the light-cone gauge Green-Schwarz action for the
type IIB superstring in the background (1.1). This action was found in [5] by using
the supercoset method of [13], but there is a simple short-cut argument relating the
presence of the fermionic “mass” term to the form of the generalized spinor covariant
derivative in type IIB supergravity. In view of the special null Killing vector properties
of the background (1.1),(1.2) it is possible to argue that the only non-vanishing fermionic
contribution to the type IIB superstring action in the standard light-cone gauge
x+ = p+τ , Γ+θI = 0 (1.3)
comes from the direct covariantization
L2F = i(ηabδIJ − ǫabρ3IJ )∂axmθ¯IΓmDbθJ (1.4)
1This is different from what one finds in the case of the non-supersymmetric bosonic plane wave
backgrounds, where massless fields of different spins have, as in the case of the flat space, the same
lowest energy values. This difference is related to supersymmetry and not to the definition of mass-
lessness: in both cases we use the same definition of massless fields based on so called sim invariance
(invariance under transformations of the original plane-wave algebra supplemented by the dilatation) of
the corresponding field equations [11, 12].
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of the quadratic fermionic term in the flat-space GS [14] action. Here θI (I=1,2) are
the two real positive chirality 10-d MW spinors and ρ3 =diag(1,-1) (see Appendix for
notation). D is the generalized covariant derivative that appears in the Killing spinor
equation (or gravitino transformation law) in type IIB supergravity [15]: acting on the
real spinors θI it has the form (here we ignore the dilaton and R-R scalar dependence
and rescale the R-R strengths by -2 compared to [15])
Da = ∂a + 1
4
∂ax
m[ (ωµνm − 1
2
Hµνmρ3)Γ
µν + (
1
3!
FµνλΓ
µνλρ1 +
1
2 · 5!FµνλρκΓ
µνλρκρ0)Γm ]
(1.5)
where the ρs-matrices in the I,J space are the Pauli matrices ρ1 = σ1, ρ0 = iσ2. In
the light-cone gauge (1.3) the non-zero contribution to (1.4) comes only from the term
where both the “external” and “internal” ∂ax
m factors in (1.4) become p+δ
m
+ δ
0
a. As is
well-known, in the flat-space light-cone GS action θ1 and θ2 become the right and the left
moving 2-d fermions. In the presence of the F5-background (1.2) the surviving quadratic
fermionic term is proportional to θ1Γ−Γµ1...µ4θ2F+µ1...µ4. While in the case of an NS-NS
3-form background the fermionic interaction term has a chiral 2-d form (ρ3 is diagonal),
in the case of a R-R background one gets a non-chiral 2-d “mass-term” structure (ρ1 and
ρ0 are off-diagonal) out of the interaction term in Da in (1.4),(1.5).
The resulting quadratic light-cone action [5] can be written, like the flat-space GS
action, in a 2-d spinor form and describes 8 free massive 2-d scalars and 8 free massive
Majorana 2-d fermionic fields ψ = (θ1, θ2) propagating in flat 2-d world-sheet
L = LB + LF , LB = 1
2
(∂+x
I∂−xI −m2x2I) , m ≡ p+f , (1.6)
LF = i(θ1γ¯−∂+θ1 + θ2γ¯−∂−θ2 − 2mθ1γ¯−Πθ2) , γ¯+θI = 0 . (1.7)
Here ∂± = ∂0± ∂1 and we absorbed one factor of p+ into θI . We use the spinor notation
of [5], i.e. γm, γ¯m are the 16 × 16 Dirac matrices which are the off-diagonal parts of
32 × 32 matrices Γm. The matrix Π in the mass term (Π2 = 1) is the product of four
γ-matrices (see Appendix) which originates from Γµ1...µ4F+µ1...µ4 in (1.4),(1.5).
In section 2.1 we shall review the solution of the classical equations corresponding to
the light-cone gauge action (1.6),(1.7) and then (in section 2.2) perform the straightfor-
ward canonical quantization of this quadratic system already sketched in [5]. In section
2.3 we shall present the light-cone string realization of the basic symmetry superalgebra
of the plane-wave background. We shall then use this superalgebra to fix the vacuum-
energy (“normal-ordering”) constant in the zero-mode sector (section 2.4). As we shall
explain, the choice of the fermionic zero-mode vacuum is not unique with different (phys-
ically equivalent) choices depending on how one decides to describe the representation of
the corresponding Clifford algebra. In particular, we note that a choice that leads to zero
vacuum energy constant breaks the SO(8) global symmetry down to SO(4) × SO′(4)
(which is in fact the true symmetry of the plane-wave background (1.1),(1.2)) but is not
the one that has a smooth flat-space limit.
In section 3 we shall determine the spectrum of fluctuations of type IIB supergravity
expanded near the plane-wave background (1.1),(1.2). Section 3.1 will contain some
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general remarks on solutions of massless Klein-Gordon-type equations in the plane-
wave metric (1.2). The bosonic (scalar, 2-form, graviton and 4-form field) spectra will
be found in section 3.2. The spin 1/2 and spin 3/2 cases will be analyzed in section 3.3.
Our analysis will be similar to the one carried out in [10] in the case of the AdS5 × S5
background. As a result, we will be able to give a space-time interpretation to the “mass-
less” (zero-mode) sector of the string theory. The discreteness of the supergravity part
of the light-cone energy spectrum will follow from the condition of square-integrability
of the solutions of the corresponding wave equations at fixed p+. In section 3.4 we will
summarize the results for the bosonic and fermionic spectra in the two tables and then
explain how the corresponding physical modes can be interpreted as components of a
single scalar type IIB superfield satisfying a massless (dilatation-invariant) equation in
light-cone superspace.
In the concluding section 4 we shall make some comments on the parameters and
possible limits of the plane-wave string theory, and also compare it with the expected
form of the light-cone string theory spectrum in AdS5 × S5 background.
Our index and spinor notation and definitions as well as some useful relations will be
given in Appendix.
2 Canonical quantization
2.1 Solution of classical equations
The equations of motion following from (1.6),(1.7) take the form:
∂+∂−xI +m2xI = 0 , (2.1)
∂+θ
1 −mΠθ2 = 0 , ∂−θ2 +mΠθ1 = 0 . (2.2)
The parameter f in (1.1) which has dimension of mass can be absorbed into rescaling of
x+, x−, i.e. set to a given value.2 We shall choose the length of σ-interval to be 1. The
flat space limit corresponds to m→ 0.
As follows from the structure of the covariant string action corresponding to the back-
ground (1.1),(1.2) one can absorb the dependence on the string tension into the following
rescaling of the coordinates3 x− → 2πα′x−, xI → (2πα′)1/2xI , θI → (2πα′)1/2θI with
x+ unchanged. Then all one needs to do to restore the dependence on the string tension
is the following rescaling of p+
p+ → 2πα′p+ . (2.3)
In particular, m→ m = 2πα′p+f.
2Note also that since the generator P+ commutes with all other generators of the plane wave su-
peralgebra we could fix p+ to take some specific non-vanishing value. In what follows we shall p+
arbitrary.
3After the rescaling x−, xI will be dimensionless (like τ and σ) but x+ (and α′p+) will have dimension
of length.
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The general solutions to (2.1),(2.2) satisfying the closed string boundary conditions
xI(σ + 1, τ) = xI(σ, τ) , θ(σ + 1, τ) = θ(σ, τ) , 0 ≤ σ ≤ 1 , (2.4)
are found to be
xI(σ, τ) = cosmτ xI0 +m
−1 sinmτ pI0 + i
∑
n=/ 0
1
ωn
(
ϕ1n(σ, τ)α
1I
n + ϕ
2
n(σ, τ)α
2I
n
)
(2.5)
θ1(σ, τ) = cosmτ θ10 + sinmτ Πθ
2
0 +
∑
n=/ 0
cn
(
ϕ1n(σ, τ)θ
1
n + i
ωn−kn
m
ϕ2n(σ, τ)Πθ
2
n
)
(2.6)
θ2(σ, τ) = cosmτ θ20 − sinmτ Πθ10 +
∑
n=/ 0
cn
(
ϕ2n(σ, τ)θ
2
n − iωn−knm ϕ1n(σ, τ)Πθ1n
)
(2.7)
where the basis functions ϕ1,2n (σ, τ) are
ϕ1n(σ, τ) = exp(−i(ωnτ − knσ)) , ϕ2n(σ, τ) = exp(−i(ωnτ + knσ)) (2.8)
and
ωn =
√
k2n +m
2, n > 0 ; ωn = −
√
k2n +m
2, n < 0 ; (2.9)
kn ≡ 2πn , cn = 1√
1 + (ωn−kn
m
)2
, n = ±1,±2, . . . . (2.10)
The canonical momentum PI = x˙I takes the form
PI(σ, τ) = cosmτ pI0 −msinmτ xI0 +
∑
n=/ 0
(
ϕ1n(σ, τ)α
1I
n + ϕ
2
n(σ, τ)α
2I
n
)
(2.11)
The fermionic momenta given by −iγ¯−θI imply that there are the second class constraints
which should be treated following the standard Dirac procedure (see, e.g., [5]).
The coordinate x− satisfies the equation
p+x´− + PI x´I + i(θ1γ¯−θ´1 + θ2γ¯−θ´2) = 0 , (2.12)
which leads to the constraint∫
dσ[PI x´I + i(θ1γ¯−θ´1 + θ2γ¯−θ´2)] = 0 . (2.13)
We get the following classical Poisson-Dirac brackets
[pI0, x
J
0 ]P.B. = δ
IJ , [αIIm , α
JJ
n ]P.B. =
i
2
ωmδm+n,0δ
IJδIJ , (2.14)
{θIαm , θJ βn }P.B. =
i
4
(γ+)αβδIJ δm+n,0 . (2.15)
The matrix γ+ in (2.15) is reflecting the fact that we are using the light-cone gauge
constrained fermionic coordinates, γ¯+θI = 0. The coefficients cn (2.10) are chosen so
that the Fourier modes of the fermionic coordinates satisfy the standard Poisson-Dirac
brackets (2.15).
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2.2 Quantization and space of states
We can now quantize 2-d fields xI and θI by promoting as usual the coordinates and mo-
menta or the Fourier components appearing in (2.5),(2.6),(2.7) to operators and replacing
the classical Poisson (anti)brackets (2.14)(2.15) by the equal-time (anti)commutators
of quantum coordinates and momenta according to the rules {. , .}P.B. → i{. , .}quant,
[. , .]P.B. → i[. , .]quant. This gives (m,n = ±1,±2, ...)
[pI0, x
J
0 ] = −iδIJ , [αIIm , αJ Jn ] =
1
2
ωmδm+n,0δ
IJδIJ , (2.16)
{θIα0 , θJ β0 } =
1
4
(γ+)αβδIJ , {θIαm , θJ βn } =
1
4
(γ+)αβδIJ δm+n,0 . (2.17)
The light-cone superstring Hamiltonian is
H ≡ −P− , (2.18)
H =
1
p+
∫ 1
0
dσ[
1
2
(P2I + x´2I +m2x2I) + 2imθ1γ¯−Πθ2 − i(θ1γ¯−θ´1 − θ2γ¯−θ´2)] . (2.19)
Using the fermionic equations of motion it can be rewritten in the form
H =
1
p+
∫
dσ [
1
2
(P2I + x´2I +m2x2I) + i(θ1γ¯−θ˙1 + θ2γ¯−θ˙2)] . (2.20)
Plugging in the above expressions for the coordinates and momenta we can represent
the resulting light-cone energy operator as
H = E0 + E
1 + E2 , (2.21)
where E0 is the contribution of the zero modes and E
1, E2 are the contributions of the
string oscillation modes
E0 =
1
2p+
(p20 +m
2x20) + 2if θ
1
0 γ¯
−Πθ20 , (2.22)
EI =
1
p+
∑
n=/ 0
(αII−nα
II
n + ωnθ
I
−nγ¯
−θIn) , I = 1, 2 . (2.23)
The constraint (2.13) takes the form
N1 = N2 , NI ≡ ∑
n=/ 0
(
kn
ωn
αII−nα
II
n + knθ
I
−nγ¯
−θIn) . (2.24)
Let us introduce the following basis of creation and annihilation operators
aI0 =
1√
2m
(pI0 + imx
I
0) , a¯
I
0 =
1√
2m
(pI0 − imxI0) , (2.25)
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αII−n =
√
ωn
2
aIIn , α
II
n =
√
ωn
2
a¯IIn , n = 1, 2, . . . (2.26)
θ0 =
1√
2
(θ10 + iθ
2
0) , θ¯0 =
1√
2
(θ10 − iθ20) , (2.27)
θI−n ≡
1√
2
ηIn , θ
I
n ≡
1√
2
η¯In , n = 1, 2, . . . (2.28)
in terms of which the commutation relations (2.16),(2.17) take the form
[a¯I0, a
J
0 ] = δ
IJ , [a¯IIm , a
J J
n ] = δm,nδ
IJδIJ , (2.29)
{θ¯α0 , θβ0} =
1
4
(γ+)αβ , {η¯Imα, ηJn β} =
1
2
(γ+)αβδm,nδ
IJ . (2.30)
Here α = 1, ..., 16, and the spinors are subject to the γ¯+θI0 = 0, γ¯
+ηIn = 0 constraint.
In this basis the light-cone energy operator (2.21) becomes the sum of E0, E
1 and
E2 where
E0 = fE0 , E0 = aI0a¯I0 + 2θ¯0γ¯−Πθ0 + 4 , (2.31)
EI =
1
p+
∞∑
n=1
ωn(a
II
n a¯
II
n + η
I
n γ¯
−η¯In) . (2.32)
We have normal-ordered the bosonic zero modes in E0 (getting extra term 12 × 8 = 4)
and both the bosonic and fermionic operators in EI (here the normal-ordering constants
cancel out as there are equal numbers of bosonic and fermionic oscillators). Note that
because of the relation Tr(γ+γ¯−Π) = 0 the contribution of the fermionic zero modes in
(2.31) does not depend on ordering of θ0 and θ¯0.
To restore the dependence on α′ we need to rescale p+ as in (2.3). The explicit form
of the light-cone Hamiltonian is then
H = f(aI0a¯
I
0+2θ¯0γ¯
−Πθ0 +4)+
1
α′p+
∑
I=1,2
∞∑
n=1
√
n2 + (α′p+f)2 (aIIn a¯
II
n + η
I
n γ¯
−η¯In) . (2.33)
Note that the energy thus depends on the two parameters of mass dimension 1: the
curvature (or R-R field) scale f and the string scale (p+α′)−1. The flat-space limit
corresponds to f = 0 (the zero-mode part recovers its flat-space form
p2
I
2p+
as in the case
of the standard harmonic oscillator, cf. section 3.1).
The vacuum state is the direct product of a zero-mode vacuum and the Fock vacuum
for string oscillation modes, i.e. it is defined by
a¯I0|0〉 = 0 , θ¯α0 |0〉 = 0 , a¯IIn |0〉 = 0 , η¯Iαn |0〉 = 0 , n = 1, 2, ... . (2.34)
Generic Fock space vectors are then built up in terms of products of creation operators
aI0, a
II
n , θ
α
0 , η
I,α
n acting on the vacuum
6
|Φ〉 = Φ(a0 , an , θ0 , ηn)|0〉 . (2.35)
The subspace of physical states is obtained by imposing the constraint
N1|Φphys〉 = N2|Φphys〉 , NI =
∞∑
n=1
kn(a
II
n a¯
II
n + η
I
n γ¯
−η¯In) . (2.36)
Note that in contrast to the flat space case here EI 6= NI .
Let us now make few remarks about the global symmetry of the above expressions.
While the metric (1.1) and the bosonic part of the string action (1.6) have SO(8) sym-
metry, the 5-form background (1.2) and thus the fermionic part of the classical action
(1.7) is invariant only under SO(4) × SO′(4). The contribution of the string oscilla-
tors to the Hamiltonian (2.32) is SO(8) invariant, but this invariance is broken down to
SO(4) × SO′(4) by the contribution of the fermionic zero modes in (2.31). In general,
the amount of global symmetry of the zero-mode Hamiltonian depends on the definition
of the fermionic creation and annihilation operators, i.e. on the definition of the zero-
mode vacuum. With the definition used in (2.27) the vacuum (2.34) preserves SO(8)
symmetry, but the fermionic part of the zero-mode Hamiltonian (2.31) is not SO(8)
invariant. One can instead introduce another set of fermionic creation/annihilation op-
erators, i.e. use another definition of the fermionic zero-mode vacuum, which preserves
only the SO(4) × SO′(4) invariance, but which formally restores the SO(8) invariance
of the zero-mode Hamiltonian (see section 2.4 below). In any case, the SO(8) invariance
is broken down to SO(4)× SO′(4) not only in the fermionic zero mode sector, but also
explicitly by the string-mode contributions to the dynamical supercharges discussed in
section 2.3.
2.3 Light cone string realization of the supersymmetry algebra
In general, the choice of the light-cone gauge spoils part of manifest global symmetries,
and in order to demonstrate that these global invariances are still present, one needs
to find the (bosonic and fermionic) Noether charges that generate them. These charges
play a crucial role in formulating superstring field theory in the light-cone gauge in flat
space [16, 17] and are of equal importance in the present plane-wave context (see also
[5]).
In the light-cone formalism, the generators (charges) of the basic superalgebra can
be split into the kinematical generators P+, P I , J+I , J ij, J i
′j′, Q+, Q¯+, and the dy-
namical generators P−, Q−, Q¯− (here I = (i, i′), i = 1, 2, 3, 4; i′ = 5, 6, 7, 8). 4 It is
important to find a free (quadratic) field representation for the generators of the ba-
sic superalgebra. The kinematical generators which effectively depend only on the zero
4At point x+ = p+τ = 0 the kinematical generators in the superfield realization are quadratic in
the physical string fields, while the dynamical generators receive higher-order interaction-dependent
corrections.
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modes are5
P+ = p+ , P I =
∫
dσ(cos fx+ PI + f sin fx+ xIp+) , (2.37)
J+I =
∫
dσ(f−1sin fx+ PI − cos fx+ xIp+) , (2.38)
Q+ = 2
√
p+
∫
dσγ¯−eifx
+Πθ , Q¯+ = 2
√
p+
∫
dσγ¯−e−ifx
+Πθ¯ . (2.39)
The remaining kinematical charges JIJ = (J ij, J i
′j′) have non-zero components which
depend on all string modes are
J ij =
∫
dσ(xiPj−xjP i−iθ¯γ¯−γijθ) , J i′j′ =
∫
dσ(xi
′Pj′−xj′P i′−iθ¯γ¯−γi′j′θ) . (2.40)
The dynamical charge P− is given by (2.19), while the supercharges Q− and Q¯− are
given by (Q, Q¯ = 1√
2
(Q1 ± iQ2))
Q−1 =
2√
p+
∫
dσ[(PI − x´I)γ¯Iθ1 −mxI γ¯IΠθ2] , (2.41)
Q−2 =
2√
p+
∫
dσ[(PI + x´I)γ¯Iθ2 +mxI γ¯IΠθ1] , (2.42)
The derivation of these supercharges was given in [5].
Using the mode expansions of section 2.1 in (2.37),(2.39) we get by6
P+ = p+ , P I = pI0 , J
+I = −ixI0p+ , (2.43)
Q+ = 2
√
p+γ¯−θ0 , Q¯+ = 2
√
p+γ¯−θ¯0 . (2.44)
The charges JIJ = (J ij, J i
′j′) are given by
JIJ = JIJ0 +
∑
I=1,2
∞∑
n=1
(aIIn a¯
IJ
n − aIJn a¯IIn +
1
2
ηIn γ¯
−γIJ η¯In) , (2.45)
where JIJ0 is the contribution of the zero modes
JIJ0 = a
I
0a¯
J
0 − aJ0 a¯I0 +
1
2
∑
I=1,2
θI0 γ¯
−γIJθI0 . (2.46)
Note that the kinematical generators do not involve the matrix Π and formally look as
if the SO(8) symmetry were present.
5We define θ ≡ 1√
2
(θ1 + iθ2), θ¯ ≡ 1√
2
(θ1 − iθ2).
6While transforming the generators Jµν (2.38),(2.40) to the form given in (2.43),(2.45) we multiply
them by factor +i.
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The dynamical supercharges (2.41) have the following explicit form
√
p+Q−1 = 2pI0γ¯
Iθ10−2mxI0γ¯IΠθ20+
∞∑
n=1
(2
√
ωncna
1I
n γ¯
I η¯1n+
im√
ωncn
a2In γ¯
IΠη¯2n+h.c.) (2.47)
√
p+Q−2 = 2pI0γ¯
Iθ20+2mx
I
0γ¯
IΠθ10+
∞∑
n=1
(2
√
ωncna
2I
n γ¯
I η¯2n−
im√
ωncn
a1In γ¯
IΠη¯1n+h.c.) (2.48)
These expressions explicitly break the SO(8) invariance down to SO(4)× SO′(4).
The requirement that the light-cone gauge formulation respects basic global sym-
metries amounts to the condition that the above generators satisfy the relations of the
symmetry superalgebra of the plane wave R-R background. The commutators of the
bosonic generators are7
[P−, P I ] = f2J+I , [P I , J+J ] = −δIJP+ , [P−, J+I ] = P I , (2.49)
[P i, J jk] = δijP k − δikP j , [P i′, J j′k′] = δi′j′P k′ − δi′k′P j′ , (2.50)
[J+i, J jk] = δijJ+k − δikJ+j , [J+i′ , J j′k′] = δi′j′J+k′ − δi′k′J+j′ , (2.51)
[J ij , Jkl] = δjkJ il + 3 terms , [J i
′j′, Jk
′l′] = δj
′k′J i
′l′ + 3 terms . (2.52)
The commutation relations between the even and odd generators are
[J ij , Q±α ] =
1
2
Q±β (γ
ij)βα , [J
i′j′, Q±α ] =
1
2
Q±β (γ
i′j′)βα , (2.53)
[J+I , Q−α ] =
1
2
Q+β (γ
+I)βα , (2.54)
[P I , Q−α ] =
1
2
fQ+β (Πγ
+I)βα , [P
−, Q+α ] = fQ
+
βΠ
β
α , (2.55)
together with the commutators that follow from these by complex conjugation. The
anticommutation relations are
{Q+α , Q¯+β } = 2γ−αβP+ , (2.56)
{Q+α , Q¯−β } = (γ¯−γ+γ¯I)αβP I − f(γ¯−γ+γ¯iΠ)αβJ+i − f(γ¯−γ+γ¯i
′
Π′)αβJ+i
′
, (2.57)
{Q−α , Q¯+β } = (γ¯+γ−γ¯I)αβP I − f(γ¯+γ−γ¯iΠ)αβJ+i − f(γ¯+γ−γ¯i
′
Π′)αβJ+i
′
, (2.58)
{Q−α , Q¯−β } = 2γ+αβP− + f(γ¯+γijΠ)αβJ ij + f(γ¯+γi
′j′Π′)αβJ i
′j′ . (2.59)
One can check directly that our quantum generators expressed in terms of the cre-
ation/annihilation operators do satisfy these (anti)commutations relation. Note that
one recovers the flat-space light-cone superalgebra in the limit f → 0. As in the flat
superstring case the anticommutator relation between the dynamical generators Q− and
Q¯− (2.59) is valid only on the physical subspace (2.36).
7Note that we use the Hermitean Pµ and the antiHermitean Jµν generators. The supercharges Q±
and Q¯± are related to each other by the conjugation (Q±)† = Q¯±.
9
2.4 Choice of fermionic zero-mode vacuum
The states obtained by applying the fermionic zero-mode creation operators to the vac-
uum form a supermultiplet. States of that supermultiplet can be described in different
ways depending on how one picks up a (“Clifford”) vacuum to construct the tower of
other states on top of it. While it is natural to define “the” vacuum to have zero energy,
this is not the only possible or necessary choice as we shall discuss below.
In general, the quantum counterpart of the zero-mode energy (2.22) may be written
as (cf. (2.33))
E0 = fE0 , E0 = aI0a¯I0 − 2θ0γ¯−Πθ¯0 + e0 , (2.60)
where θ0 =
1√
2
(θ10 + iθ
2
0) (see (2.27)) and e0 is a constant that should be fixed from the
condition of the realization of the superalgebra (2.56)–(2.59) at the quantum level. Note
that E0 = 0 in the flat-space limit f → 0.
We shall need the following expressions for the zero-mode parts of some symmetry
generators (see (2.46),(2.47),(2.48))
JIJ0 = a
I
0a¯
J
0 − aJ0 a¯I0 + θ¯0γ¯−γIJθ0 , (2.61)√
p+Q−0 = 2p
I
0γ¯
Iθ0 + 2imx
I
0γ¯
IΠθ0 ,
√
p+Q¯−0 = 2p
I
0γ¯
I θ¯0 − 2imxI0γ¯IΠθ¯0 . (2.62)
Let us introduce instead of θ0 the following complex fermionic zero-mode coordinates
θR =
1 + Π√
2
θ0 , θL =
1−Π√
2
θ0 (2.63)
satisfying in view of (2.15),(2.30) the following relations
{θ¯R, θR} = 1
4
(1 + Π)γ+ , {θ¯L, θL} = 1
4
(1− Π)γ+ , {θ¯R, θL} = 0 . (2.64)
In terms of them
E0 = aI0a¯I0 + θLγ¯−θ¯L − θRγ¯−θ¯R + e0 , (2.65)
and
Q−0 = 2
√
f (aI0γ¯
IθR + a¯
I
0γ¯
IθL) , Q¯
−
0 = 2
√
f (a¯I0γ¯
I θ¯R + a
I
0γ¯
I θ¯L) , (2.66)
JIJ0 = a
I
0a¯
J
0 − aJ0 a¯I0 +
1
2
θ¯Rγ¯
−γIJθR +
1
2
θ¯Lγ¯
−γIJθL . (2.67)
Let us now discuss several possible definitions of the zero-mode vacuum (we shall always
assume that a¯I0|0〉 = 0). In all the cases below the expression for JIJ will imply that the
vacuum is a scalar with respect to SO(4)× SO′(4).
First, we may define the fermionic zero-mode vacuum in the same way is in the case
of the flat space background by imposing
θ¯0|0〉 = 0 , i.e. θ¯R|0〉 = 0 , θ¯L|0〉 = 0 . (2.68)
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This is the definition we used in (2.34). Then
{Q−0 , Q¯0−}|0〉 = 4f{aI0γ¯IθR + a¯I0γ¯IθL , a¯J0 γ¯J θ¯R + aJ0 γ¯J θ¯L}|0〉
= 4f(a¯J0 γ¯
J θ¯R) (a
I
0γ¯
IθR)|0〉 = 4fγ¯I θ¯Rγ¯IθR|0〉 = fγ¯I(1 + Π)γ+γ¯I |0〉 = −8fγ¯+|0〉 , (2.69)
where we use the relation γ¯IΠγI = 0. On the other hand, from the supersymmetry
algebra relation (2.59) we have
{Q−, Q¯−}|0〉 = 2fγ¯+P−|0〉 = −2fγ¯+e0|0〉 , (2.70)
where we used that JIJ |0〉 = 0. Since for the zero modes E0 = −P− we learn that here
e0 = 4.
Thus the normal ordering of bosons done in (2.31) is indeed consistent with the
supersymmetry algebra. Then from (2.65) we see that acting with θL (θR) on |0〉 we
increase (decrease) the energy by one unit. The generic fermionic zero-mode state is
(θR)
nR(θL)
nL|0〉 , nL, nR = 0, 1, 2, 3, 4. (2.71)
The restriction on the values of nR and nL comes from (θR)
5 = 0, (θL)
5 = 0 (the projected
fermions have only 4 independent components). The corresponding energy spectrum is
thus
E0(nR, nL) = 4− nR + nL . (2.72)
The values of the energy of the lightest massless (type IIB supergravity) string modes
with no bosonic excitations thus run from 0 to 8 (in units of f).
The equivalent definition of the vacuum is obtained by using the conjugate of (2.68)
θ0|0〉 = 0 , i.e. θR|0〉 = 0 , θL|0〉 = 0 , (2.73)
so that
e0 = 4 , E0(nR, nL) = 4 + nR − nL . (2.74)
One may instead define the vacuum by
θ¯R|0〉 = 0 , θL|0〉 = 0 , (2.75)
leading to
e0 = 8 , E0(nR, nL) = 8− nR − nL , (2.76)
so that E0 again takes values in the range 0, 1, . . . , 8.
Finally, another possible choice is
θR|0〉 = 0 , θ¯L|0〉 = 0 , (2.77)
in which case one finds that
e0 = 0 , E0(nR, nL) = nR + nL . (2.78)
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Here also E0 = 0, 1, . . . , 8. Note that the two choices of the vacuum (2.68) and (2.73)
preserve the SO(8) symmetry but break the effective 2-d supersymmetry of the light-
cone string action (1.6) (the 2-d vacuum energy does not vanish). At the same time, the
choice (2.78) preserves the 2-d supersymmetry, but breaks the SO(8) symmetry down
to SO(4)× SO′(4) (cf. (2.63)).
All these definitions of the vacuum are physically equivalent, being related by a re-
labelling of the states in the same “massless” supermultiplet. While in the last choice we
discussed the vacuum energy constant e0 is zero (i.e. the normal ordering constants of
the bosonic and fermionic zero modes cancel as they do for the string oscillation modes),
the advantage of the first definition we have used above in (2.34) is that it directly
corresponds to the definition of the fermionic vacuum in flat space [16, 18], i.e. with this
definition one has a natural smooth flat space limit.
In the next section we shall determine the spectrum of the type IIB supergravity fluc-
tuation modes in the background (1.1),(1.2) and will thus be able to explicitly interpret
the states (2.71) with energies E0 = 0, 1, ..., 8 in terms of particular supergravity fields.
3 Type IIB supergravity fluctuation spectrum
in the R-R plane-wave background
The string states obtained by acting by the fermionic and bosonic zero-mode operators on
the vacuum should be in one-to-one correspondence with the fluctuation modes of type
IIB supergravity fields expanded near the plane-wave background (1.1),(1.2). Assuming
the choice of the zero-mode vacuum in (2.34) or (2.68) and acting by the products of the
fermionic zero-mode operators one finds the lowest-lying states that can be symbolically
represented as
|0〉 complex scalar
θ0|0〉 spin 1/2 field
θ0θ0|0〉 complex 2-form field
θ0θ0θ0|0〉 spin 3/2 field
θ0θ0θ0θ0|0〉 graviton and self-dual 4-form field
.. complex conjugates to the above
(3.1)
The complete type IIB supergravity spectrum is obtained by acting with the bosonic
zero mode creation operators aI0 on the above states.
The aim of this section is to explicitly derive the supergravity spectrum using the
standard field-theoretic approach, analogous to the one used in [10] for the AdS5 × S5
background.
As a preparation, it is useful to present the decomposition of the 128+128 physical
transverse supergravity degrees of freedom in the light-cone gauge using the SO(8) →
12
SO(4)× SO′(4) decomposition:8
graviton : h⊥ij(9) , h
⊥
i′j′(9) , hij′(16) , h(1) ; Nd.o.f. = 35 (3.2)
(h⊥ij , h
⊥
i′j′ are traceless and the hij′ is not symmetric in i, j
′)
4− form field : aij′(16) , aiji′j′(18) , a(1) ; Nd.o.f. = 35 (3.3)
(aij′ is not antisymmetric in i, j
′ and aiji′j′ = −14ǫijklǫi′j′k′l′aklk′l′)
complex 2− form field : bij(12) , bi′j′(12) , bij′(32) ; Nd.o.f. = 56 (3.4)
(bij′ is not antisymmetric in i, j
′)
complex scalar field : φ(2) ; Nd.o.f. = 2 . (3.5)
spin 1/2 field : λ⊕(16) ; Nd.o.f = 16 (3.6)
(λ is negative chirality complex spinor, and λ⊕ = 1
2
γ¯−γ+λ is its light-cone projection)
spin 3/2 field : ψ⊕⊥i (48) , ψ
⊕⊥
i′ (48) , ψ
⊕‖(16) ; Nd.o.f = 112 (3.7)
(the gravitino is a positive chirality complex spinor, and ψ⊥ and ψ‖ are its γ-transverse
and γ-parallel parts).
As we have already found in string theory (and will confirm directly from the super-
gravity equations below), here, as in the case of the AdS supermultiplets, the spectrum of
the lowest eigenvalues of the light-cone energy operator is non-degenerate, i.e. different
states have different values of E0.
3.1 Massless field equations in plane-wave geometry
Our aim will be to find the explicit form of the type IIB equations of motion expanded
to linear order in fluctuations near the plane-wave background (1.1),(1.2) and then
to determine the corresponding light-cone energy spectrum. Let us first discuss the
solutions of the simplest wave equations in the curved metric (1.1). The non-trivial
components of the corresponding connection and curvature are (g−− = f2x2I):
Γ
m
+I = −f2xIδm− , Γm++ = f2xIδmI , RI++J = −f2δIJ , R++ = 8f2 . (3.8)
The massless scalar equation in the plane-wave geometry has the following explicit form
✷ϕ = 0 , ✷ ≡ 1√−g∂m(
√−ggmn∂n) = 2∂+∂− + f2x2I∂+2 + ∂2I . (3.9)
8The number of independent components are indicated in brackets and Nd.o.f. is the total number
of degrees of freedom.
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After the Fourier transform in x−, xI corresponding to the light-cone description where
x+ is the evolution parameter
ϕ(x+, x−, xI) =
∫
dp+d8p
(2π)9/2
ei(p
+x−+pIxI) ϕ˜(x+, p+, pI) (3.10)
it becomes
(2p+P− − f2p+2∂2pI + p2I)ϕ˜ = 0 , (3.11)
where −P− = i∂− may thus be interpreted as the light-cone Hamiltonian appearing in
the non-relativistic Schrodinger equation for the free harmonic oscillator in 8 dimensions
with mass p+ and frequency f:
H = −P− = 1
2p+
(p2I −m2∂2pI ) , m ≡ fp+ . (3.12)
Introducing the standard creation and annihilation operators
aI ≡ 1√
2m
(pI −m∂pI ) , a¯I ≡
1√
2m
(pI +m∂pI ) , [a¯
I , aJ ] = δIJ , (3.13)
we get the following normal-ordered form of the Hamiltonian
H =
1
2
f(a¯IaI + aI a¯I) = f(aI a¯I + 4) , (3.14)
where 4 = D−2
2
, D = 10. As usual, the spectrum of states (and thus the solution of
(3.9)) is then found by acting by aI on the vacuum satisfying a¯I |0〉 = 0.
Below we will need the following simple generalization of this analysis: if a field ϕ
satisfies the following equation
(✷+ 2ifc∂+)ϕ(x) = 0 , (3.15)
where ✷ is defined in (3.9) and c is an arbitrary constant, then the corresponding light-
cone Hamiltonian is
H = −P− = p
2
I − f2p+2∂2pI
2p+
+ fc = f(aI a¯I + 4 + c) , (3.16)
so that the lowest light-cone energy value is given by
E0 = fE0 , E0 = 4 + c . (3.17)
In what follows we shall discuss in turn the equations of motion for various fields of type
IIB supergravity reducing them to the form (3.15) and thus determining the correspond-
ing lowest energy values from (3.17).
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3.2 Bosonic fields
Complex scalar field
The dilaton and R-R scalar are decoupled from the 5-form background (1.2), i.e.
satisfy
✷φ = 0 , i.e. E0(φ) = 4 . (3.18)
Complex 2-form field
The corresponding nonlinear equations are [15]
DmGmm
1
m
2
= PmG∗mm1m2 −
i
3
Fm
1
...m
5
Gm3m4m5 (3.19)
where Gm
1
m
2
m
3
= 3∂[m
1
Bm
2
m
3
] is the field strength of the complex 2-form field Bmn and
Pm is the complex scalar field strength. The aim is to derive the equation for small
fluctuations Bmn = bmn in the plane-wave background (1.1),(1.2) (with Pm = 0) using
the light-cone gauge
b−m = 0 . (3.20)
It is sufficient to analyze the equations (3.19) for the following values of the indices
(m1, m2): (−, I) and (I, J). We find
DmGmIJ = ∂µGµIJ + f
2x2I∂
+G−IJ , D
mGm−I = ∂µGµ−I . (3.21)
Taking into account that F−m2...m5 = 0 and the light-cone gauge condition (3.20) we find
∂+b+I + ∂
JbJI = 0 , (3.22)
which allows us to express the non-dynamical modes b+I in terms of the physical ones
bIJ . Then
DmGmIJ = ✷bIJ . (3.23)
Using that Fij′m
3
m
4
m
5
= 0 (cf. (1.2)) and Fijm
3
m
4
m
5
Gm3m4m5 = 6fǫijkl∂
+bkl we get from
(3.19),(3.23) the following equations for the physical modes bIJ
✷bij′ = 0 , ✷bij + 2ifǫijkl∂
+bkl = 0 , ✷bi′j′ + 2ifǫi′j′k′l′∂
+bk′l′ = 0 . (3.24)
The equation for bij′ implies that E0(bij′) = 4 (see (3.9),(3.17)). To diagonalize the
remaining equations we decompose the antisymmetric tensor field bij into the irreducible
tensors of the so(4) algebra
bij = b
⊕
ij + b
⊖
ij , b
⊕,⊖
ij = ±
1
2
ǫijklb
⊕,⊖
kl . (3.25)
Then
(✷+ 4if∂+)b⊕ij = 0 , (✷− 4if∂+)b⊖ij = 0 . (3.26)
15
The same relations are found for bi′j′. Then according to (3.15),(3.17) we find the
following lowest energy values
E0(b⊖ij) = 2 , E0(b⊕ij) = 6 , E0(b⊖i′j′) = 2 , E0(b⊕i′j′) = 6 , E0(bij′) = 4 .
(3.27)
In the oscillator construction of section 2.4 (see (2.68),(2.71),(2.72)) the monomials of
the second order in θL,R with E0 = 4 are θRθL, which have 16 complex components, i.e.
these monomials can be identified with the ground state of bij′ . The 2-nd and 6-th order
monomials in θR, θL which can be identified with the ground states of b
⊖
ij , b
⊖
i′j′, b
⊕
ij , b
⊕
i′j′
may be found in Table I.
Graviton and 4-form field
Since both the graviton and the 4-form field have non-trivial backgrounds, some of
their fluctuation modes are mixed and need to be analyzed together. The full non-linear
form of the corresponding equations of motion are9
Rmn =
1
24
Fmm
2
...m
5
Fn
m
2
...m
5 (3.28)
Fm
1
...m
5
= − 1
5!
√−gǫm
1
...m
5
n
1
...n
5
F n1...n5 , (3.29)
DmFmm
2
...m
5
= 0 , Fm
1
...m
5
= 5∂[m1Am2...m4] . (3.30)
Expanding near the plane wave R-R background
gmn → gmn + hmn , Am1...m4 → Am1...m4 + am1...m4 , (3.31)
Rmn → Rmn + rmn , Fm1...m5 → Fm1...m5 + fm1...m5 , (3.32)
we shall choose the light-cone gauges for the fluctuations hmn and am
1
...m
4
h−m = 0 , a−m
2
m
3
m
4
= 0 . (3.33)
The linearized form of the Einstein equation is
rmn =
1
24
(Fmm
1
...m
4
fn
m1...m4 + fmm
1
...m
4
Fn
m1...m4 − 4Fmn
1
m
3
m
4
m
5
Fnn
2
m3m4m5hn1n2)
(3.34)
where
rmn =
1
2
(
−D2hmn +DmDkhkn +DnDkhkm −DmDnhkk
+ 2Rmm1m2nh
m
1
m
2 +Rmkh
k
n +Rn kh
k
m
)
. (3.35)
9The equation DF5 = 0 follows of course from the self-duality of F5, but we will find it useful to use
this 2-nd order form of the equation for A4 below. Note that we ignore the quadratic 2-form correction
term in F5 [15] as it does not contribute to the linear fluctuation equations here.
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The (−−) component gives r−− = 0 and thus we find the zero-trace condition for the
transverse modes of the graviton
hII = 0 . (3.36)
The (−I) components of (3.34) gives r−I = 0 and this leads to the equation DmhmI = 0
which allows us to express the non-dynamical modes in terms of the physical modes
represented by the traceless tensor hIJ
h+I = − 1
∂+
∂JhJI . (3.37)
Next, we need to consider the self-duality equation for the 5-form field whose (I1I2I3I4−)
component implies that a+I1I2I3 is expressed in terms of the physical modes aIJKL
a+I1I2I3 = −
1
∂+
∂J aJI1I2I3 . (3.38)
In terms of aIJKL the 5-form field strength self-duality condition becomes
aI1...I4 = −
1
4!
ǫI1...I4J1...J4aJ1...J4 . (3.39)
The (++) component of (3.34) leads to the expression for h++ (after taking into account
the above results): h++ =
1
(∂+)2
∂I∂JhIJ . So far all is just as in the light-cone analysis
near flat space.
Let us now do the 4+ 4 split of the 8 transverse directions. The (i, j) components of
(3.34) take the form
rij = fδij∂
+a , a ≡ 1
6
ǫi1...i4ai1...i4 . (3.40)
Using that rij = −12✷hij we get
✷hij + 2fδij∂
+a = 0 . (3.41)
Thus there is a mixing between the trace of the SO(4) part of the graviton hii and
the (pseudo) scalar part of the 4-form potential. From the (i1i2i3i4) component of the
DF = 0 equation for the 4-form field in (3.30) we also find that
✷a− 8f∂+hii = 0 . (3.42)
These equations are diagonalized by introducing the traceless graviton and the complex
scalar
h⊥ij ≡ hij −
1
4
δijhkk , h ≡ hii + ia , h¯ ≡ hii − ia , (3.43)
so that we finish with
✷h⊥ij = 0 , (✷− 8if∂+)h = 0 , (✷+ 8if∂+)h¯ = 0 . (3.44)
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According to (3.17) this implies
E0(h⊥ij) = 4 , E0(h) = 0 , E0(h¯) = 8 . (3.45)
The same results are found of course in the other four directions, i.e. with hij → hi′j′
and a→ a′ = 1
6
ǫi′1...i′4ai′1...i′4 , a
′ = −a.
Let us now look at “mixed” components. Eqs. (3.34) in (ij′) directions give
✷hij′ + 4f∂
+aij′ = 0 , aij′ ≡ 1
3
ǫii1i2i3aj′i1i2i3 . (3.46)
We have used the self-duality (3.39) implying ǫii2i3i4aj′i2i3i4 = ǫj′i′2i′3i′4aii′2i′3i′4 . In addi-
tion, the (ij′j′1j
′
2) components of the DF = 0 equations (3.30) give
✷aij′ − 4f∂+hij′ = 0 . (3.47)
Again there is a mixing between the components of the graviton and the 4-form field.
These equations are diagonalized by defining the complex tensor
hij′ ≡ hij′ + iaij′ , h¯ij′ ≡ hij′ − iaij′ , (3.48)
(✷− 4if∂+)hij′ = 0 , (✷+ 4if∂+)h¯ij′ = 0 , (3.49)
so that the corresponding lowest eigenvalues of the energy are
E0(hij′) = 2 , E0(h¯ij′) = 6 . (3.50)
Finally, for aiji′j′ satisfying, according to (3.39), the constraint
aiji′j′ = −
1
4
ǫijklǫi′j′k′l′aklk′l′ (3.51)
we find from (3.30) that
✷aiji′j′ = 0 , i.e. E0(aiji′j′) = 4 . (3.52)
Note that the self-dual tensor field aiji′j′ is reducible with respect to the SO(4)×SO′(4)
group. It can be decomposed into the irreducible parts a⊕⊖iji′j′, a
⊖⊕
iji′j′ satisfying
a⊕⊖iji′j′ =
1
2
ǫijkla
⊕⊖
kli′j′ , a
⊕⊖
iji′j′ = −
1
2
ǫi′j′k′l′a
⊕⊖
ijk′l′ , (3.53)
a⊖⊕iji′j′ = −
1
2
ǫijkla
⊖⊕
kli′j′ , a
⊖⊕
iji′j′ =
1
2
ǫi′j′k′l′a
⊖⊕
ijk′l′ . (3.54)
The SO(4)× SO′(4) labels of these irreducible parts may be found in Table 1.
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3.3 Fermionic fields
Let us now extend the above analysis to the fermionic fields of type IIB supergravity.
Spin 1/2 field
The equation of motion for the two Majorana-Weyl negative chirality spin 1/2 fields
combined into one 32-component Weyl spinor field Λ [15]
(ΓmDm − i
480
Γm1...m5Fm
1
...m
5
)Λ = 0 , (3.55)
can be rewritten in terms of the complex-valued 16-component spinor field λ (see Ap-
pendix for notation)
(γmDm − i
480
γm1...m5Fm
1
...m
5
)λ = 0 , Λ =

 0
λα

 . (3.56)
Here γm = emµ γ
µ where emµ is the (inverse) vielbein matrix. We use the following vielbein
basis corresponding to the metric (1.1) (eµ = eµmdx
m)
e+ = dx+ , e− = dx− − f
2
2
x2Idx
+ , eI = dxI . (3.57)
The spinor covariant derivative Dm = ∂m +
1
4
ω µνm γ¯
µν then takes the following explicit
form
D− = ∂− , DI = ∂I , D+ = ∂+ − f
2
2
xI γ¯+I . (3.58)
Taking into account the background value of the 5-form field (1.2) we get
[
γ+(∂− +
f2
2
x2I∂
+ − ifΠ¯) + γ−∂+ + γI∂I
]
λ = 0 , (3.59)
where we used that
γm1...m5Fm
1
...m
5
= 480fγ+Π¯ . (3.60)
Decomposing λ as
λ = λ⊕ + λ⊖ , λ⊕ =
1
2
γ¯−γ+λ , λ⊖ =
1
2
γ¯+γ−λ , (3.61)
we find that in the light-cone description λ⊖ is non-dynamical mode expressed in terms
of the physical mode λ⊕
λ⊖ =
1
2∂+
γ¯I∂Iγ+λ⊕ , (✷− 2ifΠ¯∂+)λ⊕ = 0 . (3.62)
Decomposing λ⊕ further as (cf. (2.63))
λ⊕ = λ⊕
R
+ λ⊕
L
, λR ≡ 1 + Π¯
2
λ , λL ≡ 1− Π¯
2
λ , (3.63)
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we get the diagonal equations of the desired form (3.15)
(✷− 2if∂+)λ⊕
R
= 0 , (✷+ 2if∂+)λ⊕
L
= 0 , (3.64)
Then from (3.17) we conclude that the lowest values of the light-cone energy for the
fields λ⊕
R
, λ⊕
L
are
E0(λ⊕R ) = 3 , E0(λ⊕L ) = 5 . (3.65)
Spin 3/2 field
The equation for the positive chirality gravitino in the 32-component notation is10
Γmm1m2
(
Dm1 +
i
960
Γn1...n5Fn1...n5Γm1
)
Ψm2 = 0 . (3.66)
In the 16-component notation it becomes
γ¯mm1m2
(
Dm
1
+
i
960
γn1...n5Fn
1
...n
5
γ¯m
1
)
ψm
2
= 0 , Ψm =

 ψαm
0

 . (3.67)
This can be rewritten as
γ¯nDnψm −Dmψ − i
960
γ¯nγn1...n5Fn
1
...n
5
γ¯mψn = 0 , ψ ≡ γ¯mψm . (3.68)
Making use of (3.60) we get
γ¯nDnψm −Dmψ − if
2
γ¯nΠγ+γ¯mψn = 0 , (3.69)
and impose the light-cone gauge for the gravitino field
ψ− = 0 . (3.70)
Eq. (3.69) for m = − then gives
ψ = γ¯+ψ+ + γ¯
IψI = 0 , i.e. γ
+γ¯IψI = 0 . (3.71)
As a consequence,
γ¯JΠγ+γ¯iψJ = 2Π¯γ¯
+(δij − γiγ¯j)ψj , γ¯JΠγ+γ¯i′ψJ = −2Π¯γ¯+(δi′j′ − γi′ γ¯j′)ψj′ . (3.72)
With the help of these relations the m = i component of (3.69) becomes
[
γ¯+(∂− +
f2
2
x2I∂
+) + γ¯−∂+ + γ¯J∂J
]
ψi − ifΠ¯γ¯+(δij − γiγ¯j)ψj = 0 . (3.73)
10The 5-form term in the gravitino equation was missing in [15] but its presence is implied by the
supersymmetry transformations given there and in [19]. This term was explicitly included in [10].
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Decomposing the gravitino field into the physical mode ψ⊕i and non-dynamical mode ψ
⊖
i
as in (3.61) we get from eq. (3.73) (acting by γ+ or by γ−)
✷ψ⊕i − 2if Π(δij − γiγ¯j)∂+ψ⊕j = 0 , ψ⊖I = −
1
2∂+
γ+(γ¯J∂J )ψ
⊕
I . (3.74)
The other non-dynamical mode ψ+ (split into ψ
⊕
+ and ψ
⊖
+ as in (3.61)) is found from
(3.71) and the m = + component of the gravitino equation (3.69)
ψ⊕+ = −
1
∂+
∂I ψ
⊕
I , ψ
⊖
+ = −
1
2∂+
γ+γ¯I∂I ψ
⊕
+ . (3.75)
Decomposing the dynamical gravitino mode ψ⊕I into the γ-transverse and γ-parallel parts
as
ψ⊕⊥i ≡ (δij −
1
4
γiγ¯j)ψ
⊕
j , ψ
⊕‖ ≡ γ¯iψ⊕i (3.76)
we find
(✷− 2ifΠ∂+)ψ⊕⊥i = 0 , (✷− 6ifΠ¯∂+)ψ⊕‖ = 0 . (3.77)
As in the spin 1/2 case, to diagonalize these equations we introduce (cf. (3.63))
ψ⊕⊥iR =
1 + Π
2
ψ⊕⊥i , ψ
⊕⊥
iL =
1−Π
2
ψ⊕⊥i , ψ
⊕‖
R
=
1 + Π¯
2
ψ⊕‖ , ψ⊕‖
L
=
1− Π¯
2
ψ⊕‖ . (3.78)
This gives finally
(✷−2if∂+)ψ⊕⊥iR = 0 , (✷+2if∂+)ψ⊕⊥iL = 0 , (✷−6if∂+)ψ⊕‖R = 0 , (✷+6if∂+)ψ⊕‖L = 0 .
(3.79)
These equations give, according to (3.15),(3.17) the following values of the minimal
energy E0 for the respective physical gravitino modes
E0(ψ⊕⊥iR ) = 3 , E0(ψ⊕⊥iL ) = 5 , E0(ψ⊕‖R ) = 1 , E0(ψ⊕‖L ) = 7 . (3.80)
Similar analysis applies to the gravitino components ψi′ . In this case we get (cf. (3.74))
✷ψ⊕i′ + 2ifΠ(δi′j′ − γi′ γ¯j′)∂+ψ⊕j′ = 0 , (3.81)
and as a result
E0(ψ⊕⊥i′R ) = 5 , E0(ψ⊕⊥i′L ) = 3 . (3.82)
As for the γ-parallel part ψ′⊕‖ = γ¯i′ψ
⊕
i′ of ψi′ , it does not represent an independent
dynamical mode being related to ψ⊕‖ through the equation (3.71), i.e. γ¯Iψ⊕I = 0.
3.4 Light-cone gauge superfield formulation of type
IIB supergravity on the plane wave background
Before proceeding, let us first summarize the results of the above analysis in the two
Tables: one for the bosonic modes, and another for the fermionic modes.
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TABLE I. Spectrum of bosonic physical on-shell fields
Field Energy SO(4)× SO′(4) Term in
E0 and spectrum labels superfield expansion
Nd.o.f k≥ 0
0 h (2) k (0, 0)× (0, 0) θ4
R
2 hij′ (32) k+2 (1, 0)× (1, 0) θRγ¯−ikθRθRγ¯−j′kθL
2 b¯⊕ij(6) k+2 (1, 1)× (0, 0) θ4R(θLπ⊕γ¯−ijθL)
2 b¯⊕i′j′(6) k+2 (0, 0)× (1, 1) θ4R(θLπ⊕γ¯−i′j′θL)
2 b⊖ij(6) k+2 (1, 1)× (0, 0) θRπ⊖γ¯−ijθR
2 b⊖i′j′(6) k+2 (0, 0)× (1,−1) θRπ⊖γ¯−i′j′θR
4 φ (2) k+4 (0, 0)× (0, 0) 1
4 φ¯ (2) k+4 (0, 0)× (0, 0) θ4
R
θ4
L
4 h⊥ij(9) k+4 (2, 0)× (0, 0) θRγ¯−k(iθRθLγ¯j)k−θL
4 h⊥i′j′(9) k+4 (0, 0)× (2, 0) θRγ¯−k′(i′θRθLγ¯j′)k′−θL
4 a⊕⊖iji′j′(9) k+4 (1, 1)× (1,−1) θLπ⊕γ¯−ijθLθRπ⊖γ¯−i′j′θR
4 a⊖⊕iji′j′(9) k+4 (1,−1)× (1, 1) θRπ⊖γ¯−ijθRθLπ⊕γ¯−i′j′θL
4 bij′ (32) k+4 (1, 0)× (1, 0) θRγ¯−ij′θL
6 b⊕ij(6) k+6 (1, 1)× (0, 0) θLπ⊕γ¯−ijθL
6 b⊕i′j′(6) k+6 (0, 0)× (1, 1) θLπ⊕γ¯−i′j′θL
6 b¯⊖ij(6) k+6 (1,−1)× (0, 0) θ4L(θRπ⊖γ¯−ijθR)
6 b¯⊖i′j′(6) k+6 (0, 0)× (1,−1) θ4L(θRπ⊖γ¯−i′j′θR)
6 h¯ij′ (32) k+6 (1, 0)× (1, 0) θLγ¯−ikθLθRγ¯−j′kθL
8 h¯ (2) k+8 (0, 0)× (0, 0) θ4
L
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TABLE II. Spectrum of fermionic physical on-shell fields
Field Energy SO(4)× SO′(4) Term in
E0 and spectrum labels superfield expansion
Nd.o.f k≥ 0
1 ψ
⊕‖
R (8) k+1 (
1
2
,−1
2
)× (1
2
, 1
2
) θ3
R
1 ψ¯
⊕‖
L (8) k+1 (
1
2
, 1
2
)× (1
2
,−1
2
) θ4
R
θL
3 ψ⊕⊥iR (24) k+3 (
3
2
,−1
2
)× (1
2
, 1
2
) (θRγ¯
−ijθR)γ¯jθL
3 ψ⊕⊥i′L (24) k+3 (
1
2
, 1
2
)× (3
2
,−1
2
) (θRγ¯
−i′j′θR)γ¯j
′
θL
3 ψ¯⊕⊥iL (24) k+3 (
3
2
, 1
2
)× (1
2
,−1
2
) θ3
R
θ2
L
3 ψ¯⊕⊥i′R (24) k+3 (
1
2
,−1
2
)× (3
2
, 1
2
) θ3
R
θ2
L
3 λ⊕
R
(8) k+3 (1
2
,−1
2
)× (1
2
, 1
2
) θR
3 λ¯⊕
L
(8) k+3 (1
2
, 1
2
)× (1
2
,−1
2
) θ4
R
θ3
L
5 λ⊕
L
(8) k+5 (1
2
, 1
2
)× (1
2
,−1
2
) θL
5 λ¯⊕
R
(8) k+5 (1
2
,−1
2
)× (1
2
, 1
2
) θ3
R
θ4
L
5 ψ⊕⊥iL (24) k+5 (
3
2
, 1
2
)× (1
2
,−1
2
) (θLγ¯
−ijθL)γ¯jθR
5 ψ⊕⊥i′R (24) k+5 (
1
2
,−1
2
)× (3
2
, 1
2
) (θLγ¯
−i′j′θL)γ¯j
′
θR
5 ψ¯⊕⊥iR (24) k+5 (
3
2
,−1
2
)× (1
2
, 1
2
) θ2
R
θ3
L
5 ψ¯⊕⊥i′L (24) k+5 (
3
2
, 1
2
)× (1
2
,−1
2
) θ2
R
θ3
L
7 ψ
⊕‖
L (8) k+7 (
1
2
, 1
2
)× (1
2
,−1
2
) θ3
L
7 ψ¯
⊕‖
R (8) k+7 (
1
2
,−1
2
)× (1
2
, 1
2
) θ4
L
θR
In Tables I,II in the E0 column we indicate lowest eigenvalues of the light-cone
energy operator of the corresponding field. The energy spectrum of higher “Kaluza-
Klein” modes (obtained by further action by the bosonic zero-mode creation operators
aI0) is labeled by k, where k= 0 corresponding to the ground state. Note, however, that
these are not the usual Kaluza-Klein-type modes because the action of the symmetry
algebra of the plane wave background mixes modes with different values of k. This
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algebra can be thus viewed as a spectrum generating algebra for the “Kaluza-Klein’‘
modes.
In the fourth column we have given the Gelfand-Zetlin labels of the corresponding
SO(4) × SO′(4) representations. In the last column we indicated the monomials in
fermionic zero modes θL, θR which accompany the corresponding field components in the
θ-expansion of the light-cone superfield discussed below.
In the rest of this section we shall present the light-cone gauge superfield description
of type IIB supergravity in the plane wave R-R background. As in flat space, the
equations for the physical modes we have found above can be summarized in a light-cone
superfield form. The corresponding unconstrained scalar superfield Φ(x, θ0) will satisfy
the “massless” equation, invariant under the dilatational invariance in superspace.
Finding even the quadratic part of the action for fluctuations of the supergravity
fields in a curved background is a complicated problem.11 We could in principle use
the covariant superfield description of type IIB supergavity [21], starting with linearized
expansion of superfileds, imposing light-cone gauge on fluctuations and then solving the
constraints to eliminate non-physical degrees of freedom in terms of physical ones. That
would be quite tedious. The light-cone gauge approach is self-contained, i.e. does not
rely upon existence of a covariant description, and provides a much shorter route to final
results.
There are two methods of finding the light-cone gauge formulation of the type II
supergravity. One [22] reduces the problem of constructing a new (light-cone gauge)
dynamical system to finding a new solution of the commutation relations of the defining
symmetry algebra. This method of Dirac was applied to the case of supergravity in
AdS5×S5 and AdS3×S3 in [23] and [24].12 The second method one is based on finding
the equations of motion by using the Casimir operators of the symmetry algebra. Here
we shall follow this second approach.
The basic light-cone gauge superfield will be denoted as Φ(x, θ) and will have the
following expansion in powers of the Grassmann coordinates θ 13
Φ(x, θ) = ∂+2A+ θa∂+ψa + θ
a1θa2∂+Aa1a2
+ θa1θa2θa3ψa1a2a3 + θ
a1 . . . θa4Aa1...a4 − (ǫθ5)a1a2a3
i
∂+
ψa1a2a3∗
− (ǫθ6)a1a2
1
∂+
Aa1a2∗ + (ǫθ7)a
i
∂+2
ψa∗ + (ǫθ8)
1
∂+2
A∗ , (3.83)
11In the case of the AdS5 × S5 background in covariant gauge it was solved in [20].
12The application of this method to a superfield formulation of interaction vertices of D = 11 super-
gravity may be found in [25](see also [26] for various related discussions).
13Here we omit the index 0 on the light-cone fermionic zero-mode variable θ0 denoting it simply as θ.
To simplify the expressions for the superfield expansion and its reality constraint we solve the light-cone
gauge constraint γ¯+θ = 0 in terms of eight fermions θa (a = 1, . . . , 8) by using the representation for γ0
in (A.8) and γ9 = diag(18,−18).
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where ǫa1...a8 is the spinorial Levi-Civita tensor, i.e.
(ǫθ8−n)a1...an ≡
1
(8− n)!ǫa1...anan+1...a8θ
an+1 . . . θa8 . (3.84)
Here we use the following Hermitean conjugation rule: (θ1θ2)
† = θ†2θ
†
1. This superfield
has a certain reality property: the component field for the monomial θn is complex
conjugated to the one for θ8−n. This reality constraint can be written in the superfield
notation as
Φ(x, θ) =
∫
d8θ† ei(∂
+)−1θθ† (∂+)4 (Φ(x, θ))† . (3.85)
In what follows we will use again the 16-component spinor θα =
(
θa
0
)
. Decomposing it
into θR and θL as in (2.63) we can expand the superfield Φ in terms of these anticommuting
coordinates.
The expansion in this basis can be used to identify the superfield components with
physical on-shell modes of type IIB supergravity fields found earlier in this section. The
corresponding monomials in θL,R are shown in Tables I,II. The dilaton field φ is the low-
est superfield component, while its complex conjugate φ¯ appears in the last component
multiplying θ4
R
θ4
L
. As another example, consider the antisymmetric 2-nd rank complex
tensor field modes b⊕ij and b
⊖
ij . According to Table I, they correspond to the monomi-
als θLπ
⊕γ−ijθL and θRπ⊖γ−ijθR where we used the following notation for the self-dual
projectors (π⊕γ−ij ≡ π⊕ij;klγ−kl)
π⊕ij;kl =
1
4
(δikδjl − δilδjk + ǫijkl) , π⊖ij;kl =
1
4
(δikδjl − δilδjk − ǫijkl) . (3.86)
Let us now determine the equations of motion for the scalar superfield Φ. For this
we will need the explicit form of the second-order Casimir operator for the plane wave
superalgebra described in section 2.3
C = 2P+P− + P IP I + f2J+IJ+I − 1
2
fQ¯+Πγ+Q+ . (3.87)
The representations of the generators of the plane-wave superalgebra in terms of differ-
ential operators acting of Φ(x, θ) may be found by using the standard supercoset method
(cf. (2.37)–(2.39))14
P+ = ∂+ , P− = ∂− , P I = cos fx+ ∂I + f sin fx+ xI∂+ , (3.88)
J+I = f−1sin fx+ ∂I − cos fx+ xI∂+ , JIJ = xI∂J − xJ∂I + 1
2
∂θγ
IJθ , (3.89)
14In this section we use the antihermitean representation for the generators Pµ. The corresponding
commutation relations in this representation can be found from (2.49)-(2.59) by the substitutions Pµ →
−iPµ.
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Q+ = −2i∂+γ¯−eifx+Πθ , Q¯+ = 1
2
γ¯−e−ifx
+Πγ+∂θ , {∂θβ , θα} =
1
2
(γ+γ¯−)αβ . (3.90)
The projector in the r.h.s. of the definition of the fermionic derivatives ∂θ in (3.90) reflects
the fact that θ satisfies the light-cone gauge condition. Plugging these expressions into
(3.87) we find
C = ✷− 2if∂+θΠ¯∂θ , (3.91)
where ✷ was defined in (3.9).
In a general curved background the equations of motion for the superfield Φ take
the form (C − C0)Φ = 0, where the constant term C0 should be fixed by an additional
requirement. For example, in the case of the AdS space, C0 is expressed in terms of
constant curvature of the background. In the present case of the plane wave background
the C0 can be fixed by using the so called “sim” invariance – the invariance under the
original plane-wave superalgebra supplemented by the scale-invariance condition, i.e.
by the condition of dilatational invariance in superspace [12].15 The generator D of
dilatations in the light-cone superspace (λ =const)
δx+ = 0 , δx− = 2λx− , δxI = λxI , δθ = λθ , (3.92)
has the obvious form
D = 2x−∂+ + xI∂I + θ∂θ . (3.93)
The requirement of sim invariance of the superfield equations of motion amounts to the
condition [D, C]Φ = 0. Since, as it is easy to see from (3.91), [D, C] = −2C it follows then
that the only sim-invariant equation of motion is simply
CΦ = 0 , i.e. (✷− 2if∂+θΠ¯∂θ)Φ(x, θ) = 0 . (3.94)
The corresponding quadratic term in the superfield light-cone gauge action is then
Sl.c. =
1
2
∫
d10xd8θ Φ(x, θ)(✷− 2if∂+θΠ¯∂θ)Φ(x, θ) . (3.95)
Splitting the fermionic coordinate θ into θR and θL parts as in (2.63) one can rewrite
(3.94) as
[
✷+ 2if∂+(θL∂θL − θR∂θR)
]
Φ(x, θR, θL) = 0 . (3.96)
This remarkably simple equation summarizes all the field equations for the physical fluc-
tuation modes of type IIB supergravity fields in the present R-R plane-wave background
(i.e. the components of Φ (3.83)) which were derived earlier in this section. In particular,
15In the usual 4 dimensions scale transformations (dilatations) combined with the Poincare group form
the maximal subgroup of the conformal group, or similitude group SIM(3, 1). Dilatation invariance
ensures masslessness, so the direct generalization to the supergroup case should give a criterion of
masslessness for the superfields.
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the universal expression for the lowest values of the light-cone energy operator can be
found by applying (3.15),(3.17) to the case of the equation (3.96):
E0 = f(4 + θL∂θL − θR∂θR) . (3.97)
This reproduces the values of E0 in Tables I,II.
4 Concluding Remarks
In this paper we presented the quantization of type IIB string theory in the maxi-
mally supersymmetric R-R plane-wave background of [6] whose light-cone gauge ac-
tion was found in [5]. We explicitly constructed the quantum light-cone Hamiltonian
and the string representation of the corresponding supersymmetry algebra. The super-
string Hamiltonian has the standard “harmonic-oscillator” form, i.e. is quadratic in
creation/annihilation operators in all 8 transverse directions, so that its spectrum can
be readily obtained.
We have discussed in detail the structure of the zero-mode sector of the theory, giving
it the space-time field-theoretic interpretation by establishing the precise correspondence
between the lowest-lying “massless” string states and the type IIB supergravity fluctu-
ation modes in the plane-wave background.
The “massless” (supergravity) part of the spectrum has certain similarities with the
supergravity spectrum found [10] in the case of another maximally supersymmetric type
IIB background – AdS5 × S5 [15] (this may not be completely surprising given that the
two backgrounds are related by a special limit [7]). In particular, the light-cone energy
spectrum of a superstring in the R-R plane-wave background is discrete. As in the AdS
case [27], the discreteness of the spectrum depends on a particular natural choice of the
boundary conditions. In the present case they are the same as in the standard harmonic
oscillator problem: the square-integrability of the wave functions in all 8 transverse
spatial directions.
An interesting feature of the plane-wave string spectrum is its non-trivial dependence
on p+. This is possible due to the fact that the generator P+ commutes with all other
generators of the symmetry superalgebra. We defined the spectrum in terms of the
light-cone energy H = −P−, which does not depend on p+ for the massless (zero-mode)
states but does depend on it for the string oscillator modes. In general, one may define
the string spectrum in curved space in terms of the second-order Casimir operator of the
corresponding superalgebra. In the present case the eigen-values of this operator depend
on discrete quantum numbers as well as on p+ (through the dimensionless combination
m = 2πα′p+f with the curvature scale f and the string scale α′).
Given the exact solvability of this plane-wave string theory, there are many standard
flat-space string calculations that can be straightforwardly repeated in this case. One can
determine the vertex operators for the “massless” superstring states and compute the 3-
point and 4-point correlation functions, following the same strategy as in the light-cone
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Green-Schwarz approach to flat superstring theory.16 It would be interesting to compare
(the α′ → 0 limits of) the plane-wave string results to the corresponding correlation
functions in the type IIB supergravity on AdS5 × S5. One can also find possible D-
brane configurations, by imposing open-string boundary conditions in some directions
and repeating the analysis of section 2.17
Let us comment on some limits of this plane-wave string theory. It depends on the
two mass parameters which enter the Hamiltonian (2.33): the curvature scale f and the
string scale (α′p+)−1. The limit f → 0 is the flat-space limit: the discrete spectrum then
becomes the standard type IIB flat-space string spectrum (in the same sense in which
the harmonic oscillator spectrum reduces to the spectrum of a free particle in the zero-
frequency limit). The f →∞ limit is not special: it corresponds simply to a rescaling of
the light-cone energy and p+ (recall that f in (1.1) can be set to 1 by a rescaling of x+
and x−).
The limit α′p+ → 0 corresponds to the supergravity in the plane-wave background:
the string Hamiltonian (2.21),(2.31),(2.32) becomes infinite on all states that contain
non-zero string oscillators, i.e. it effectively reduces to E0 (2.31) restricted to the sub-
space of the zero-mode states. The opposite (“zero-tension”) limit α′p+ → ∞ is also
regular: it follows from (2.33) that here we are left with
Hα′p+→∞ = f
[
(aI0a¯
I
0 + 2θ¯0γ¯
−Πθ0 + 4) +
∑
I=1,2
∞∑
n=1
(aIIn a¯
II
n + η
I
n γ¯
−η¯In)
]
. (4.1)
The constraint (2.36) remains the same as it does not involve α′. This provides an
interesting example of a non-trivial “null-string” spectrum which is worth further study.
Note, in particular, that here the energies do not grow with the oscillator level number
n, i.e. there is no Regge-type trajectories.18
Let us now compare the plane-wave string spectrum with the expected form of
the light-cone spectrum of the superstring in AdS5 × S5 background. In general, the
spectrum of the light-cone Hamiltonian H= −P− in AdS5 × S5 [9] should depend on
two characteristic mass parameters: the curvature scale R−1 (the inverse AdS radius)19
which is the analog of f in (1.1) and the string mass scale
√
α′. In the context of
the standard AdS/CFT correspondence the coordinates should be rescaled so that R is
always combined with α′ into the effective dimensionless tension parameter T = R2T =
R2
2piα′
=
√
λ
2pi
. In contrast to the plane-wave case, here the dependence of H on p+ can only
16Note that in the present plane-wave case we do not have the standard S-matrix set-up: the string
spectrum is discrete in all 8 transverse directions, i.e. the string states with non-zero p+ are localized
near xI = 0 and cannot escape to infinity.
17One obvious candidate is a D-string along x9 direction. For a light-cone gauge description of
D-branes in flat space see [28].
18Note that the parameter f may be viewed as a “regularization” introduced to define a non-trivial
tensionless string limit of the flat superstring.
19In the context of the standard AdS/CFT the radius R is related to the ‘t Hooft coupling λ by [29]
R = λ1/4
√
α′.
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be the trivial one, i.e. only through the 1
p+
factor (in Poincare coordinates the AdS5×S5
background has Lorentz invariance in (+,−) directions). Let us recall the form of the
light-cone string Hamiltonian using the “conformally-flat” 10-d coordinates (xa, ZM) in
which the AdS5 × S5 metric is (here a = 0, 1, 2, 3; M = 1, ..., 6)
ds2 = R2Z−2(dxadxa + dZMdZM) . (4.2)
Splitting the 4-d coordinates as xa = (x+, x−, x⊥) and using the appropriate light-cone
gauge one finds the following phase space Lagrangian [9]
L = P⊥x˙⊥ + PM Z˙M + i
2
(θiθ˙i + η
iη˙i − h.c.)−H , (4.3)
H = 1
2p+
(
P2⊥ + PMPM + T2Z−4(x´2⊥ + Z´M Z´M) + Z−2[(η2)2 + 2iηiρMNij ηjZMPN ]
− 2T
[
|Z|−3ηiρMij ZM(θ´j − i
√
2|Z|−1ηjx´⊥) + h.c.
])
. (4.4)
Compared to [9] we have rescaled the fermions θi, ηi (i = 1, 2, 3, 4) by
√
p+ (thus absorb-
ing all spurious p+-dependence). P⊥,PM are the momenta and ρMN is a product of Dirac
matrices. Here the coordinates and momenta (including H and p+) are all dimensionless
(measured in units of R), reflecting the rescaling done in (4.2). Restoring the canonical
mass dimensions (H → RH , p+ → Rp+) the corresponding analog of the plane-wave
result (2.33) should thus have the structure
H =
1
p+R2
[E0 + TEstr(T)] = 1
p+
[
1
R2
E0 + 1
2πα′
Estr( R22piα′ )] , (4.5)
where E0, Estr are dimensionless functions of the parameters and discrete quantum num-
bers.
Here the limit α′ → 0 or T → ∞ for fixed p+R2 corresponds to the type IIB super-
gravity AdS5×S5 background with only the E0 part (known explicitly [10, 23]) surviving
on the subspace of finite mass states. The limit R→∞ with fixed p+ should reproduce
the flat space string spectrum (this suggests that Estr(T → ∞) should be finite). The
limit T → 0 for fixed p+R2 is a “null-string” limit [30]. Like the corresponding limit in
the plane-wave case (4.1) it is expected to be well-defined.
A formal correspondence between (4.5) and (2.33) is established by identifying f with
1
p+R2
, so that m = 2πα′p+f in (2.33) goes over to 2piα
′
R2
=T−1. This rescaling of R2 by p+
“explains” why (4.5) does not have a non-trivial dependence on p+ while (2.33) does.
The dependence of the string-mode part Estr of (4.5) on T should of course be much
more complicated than dependence on α′p+f in (2.33). To determine it remains an
outstanding problem.
While this work was nearing completion there appeared an interesting paper [31]
which provides a gauge-theory interpretation of this plane-wave string theory based on
a special limit of the AdS/CFT correspondence.
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Appendix A Notation and definitions
We use the following conventions for the indices:
m,n, k = 0, 1, . . . 9 10-d space-time coordinate indices
µ, ν, ρ = 0, 1, . . . , 9 so(9, 1) vector indices (tangent space indices)
I, J,K, L = 1, . . . , 8 so(8) vector indices (tangent space indices)
i, j, k, l = 1, . . . , 4 so(4) vector indices (tangent space indices)
i′, j′, k′, l′ = 5, . . . , 8 so′(4) vector indices (tangent space indices)
α, β, γ = 1, . . . , 16 so(9, 1) spinor indices in chiral representation
a, b = 0, 1 2-d world-sheet coordinate indices
I,J = 1, 2 labels of the two real MW spinors
We identify the transverse target indices with tangent space indices, i.e. xI = xI , and
avoid using the underlined indices in + and − light-cone directions, i.e. adopt simplified
notation x+, x−. We suppress the flat space metric tensor ηµν = (−,+, . . . ,+) in scalar
products, i.e. XµY µ ≡ ηµνXµY ν . We decompose xµ into the light-cone and transverse
coordinates: xµ = (x+, x−, xI), xI = (xi, xi
′
), where
x± ≡ 1√
2
(x9 ± x0) . (A.1)
The scalar products of tangent space vectors are decomposed as
XµY µ = X+Y − +X−Y + +XIY I , XIY I = X iY i +X i
′
Y i
′
. (A.2)
The notation ∂±, ∂I is mostly used for target space derivatives20
∂+ ≡ ∂
∂x+
∂− ≡ ∂
∂x−
, ∂I ≡ ∂
∂xI
. (A.3)
20In sections 1 and 2.1 ∂± indicate world-sheet derivatives.
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We also use
∂+ = ∂− , ∂− = ∂+ , ∂I = ∂I . (A.4)
The SO(9, 1) Levi-Civita tensor is defined by ǫ01...9 = 1, so that in the light-cone coordi-
nates ǫ+−1...8 = 1. The derivatives with respect to the world-sheet coordinates (τ, σ) are
denoted as
x˙I ≡ ∂τxI , x´I ≡ ∂σxI . (A.5)
We use the chiral representation for the 32×32 Dirac matrices Γµ in terms of the 16×16
matrices γµ
Γµ =
(
0 γµ
γ¯µ 0
)
, (A.6)
γµγ¯ν + γν γ¯µ = 2ηµν , γµ = (γµ)αβ , γ¯µ = γµαβ , (A.7)
γµ = (1, γI , γ9) , γ¯µ = (−1, γI , γ9) , α, β = 1, . . . 16 . (A.8)
We adopt the Majorana representation for Γ-matrices, C = Γ0, which implies that all
γµ matrices are real and symmetric, γµαβ = γ
µ
βα, (γ
µ
αβ)
∗ = γµαβ. As in [5] γ
µ1...µk are the
antisymmetrized products of k gamma matrices, e.g., (γµν)αβ ≡ 12(γµγ¯ν)αβ − (µ ↔ ν),
(γµνρ)αβ ≡ 1
6
(γµγ¯νγρ)αβ ± 5 terms. Note that (γµνρ)αβ are antisymmetric in α, β. We
assume the normalization
Γ11 ≡ Γ0 . . .Γ9 =
(
1 0
0 −1
)
, γ0γ¯1 . . . γ8γ¯9 = I . (A.9)
We use the following definitions
Παβ ≡ (γ1γ¯2γ3γ¯4)αβ , (Π′)αβ ≡ (γ5γ¯6γ7γ¯8)αβ . (A.10)
Π¯α
β ≡ (γ¯1γ2γ¯3γ4)αβ , (Π¯′)αβ ≡ (γ¯5γ6γ¯7γ8)αβ . (A.11)
Note that Παβ = Π¯β
α. Because of the relation γ0γ¯9 = γ+− the normalization condition
(A.9) takes the form γ+−ΠΠ′ = 1. Note also the following useful relations (see also [5])
(γ+−)2 = Π2 = (Π′)2 = 1 , (A.12)
γ+−γ± = ±γ± , γ¯±γ+− = ∓γ¯± , γ+γ¯+ = γ−γ¯− = 0 , (A.13)
γ¯+(Π + Π′) = (Π + Π′)γ− = 0 , γ¯−(Π− Π′) = (Π−Π′)γ+ = 0 . (A.14)
γ±Π¯ = Πγ± , γiΠ¯ = −Πγi, γ¯iΠ = −Π¯γ¯i, γiΠ¯′ = Π′γi , γ¯iΠ′ = Π¯′γ¯i . (A.15)
The 32-component positive chirality spinor θ and the negative chirality spinor Q are
decomposed in terms of the 16-component spinors as
θ =
(
θα
0
)
, Q =
(
0
Qα
)
. (A.16)
The complex Weyl spinor θ is related to the two real Majorana-Weyl spinors θ1 and θ2
by
θ =
1√
2
(θ1 + iθ2) , θ¯ =
1√
2
(θ1 − iθ2) . (A.17)
The short-hand notation like θ¯γ¯µθ and γ¯µθ stand for θ¯αγµαβθ
β and γµαβθ
β respectively.
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